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1. Introduction
Let N be the set of all nonnegative integers. For a set A ⊆ N, let R1(A,n), R2(A,n) and R3(A,n)
denote the number of solutions of a + a′ = n, a,a′ ∈ A; a + a′ = n, a,a′ ∈ A, a < a′ and a + a′ = n,
a,a′ ∈ A, a  a′ respectively. For i ∈ {1,2,3}, Sárközy asked whether there are sets A and B with
inﬁnite symmetric difference such that Ri(A,n) = Ri(B,n) for all suﬃciently large integers n. It is
known that the answer is negative for i = 1 (see Dombi [6]) and the answer is positive for i = 2,3 (see
Dombi [6], the second author and Wang [4]). In fact, Dombi [6] proved that for A = {n ∈ N: 2 | D(n)}
we have R2(A,n) = R2(N\ A,n) for all n 1, where D(n) denotes the number of digit 1 of the binary
representation of n for n  0. The second author and Wang [4] proved that for A = {n ∈ N: 2 | T (n)}
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representation of n for n 0. There are several different nice proofs for the cases i = 2,3 (see Lev [9],
Sándor [13] and Tang [15]). For related research, one may refer to [2,7] and [8].
For any given t positive integers k1, . . . ,kt and any set A of nonnegative integers, let rk1,...,kt (A,n)
denote the number of solutions of the equation n = k1a1 + · · · + ktat with a1, . . . ,at ∈ A. It is clear
that if 1, . . . , t is a permutation of k1, . . . ,kt , then r1,...,t (A,n) = rk1,...,kt (A,n) for all integers n. If
(k1, . . . ,kt) = d > 1, then
rk1,...,kt (A,nd + j) = 0, 1 j  d − 1
and
rk1,...,kt (A,nd) = rk1/d,...,kt/d(A,n).
So we need only to consider (k1, . . . ,kt) = 1. If k2 = k1 = 1, then r1,1(A,n) = R1(A,n). By Dombi [6],
there does not exist any set A ⊆N such that r1,1(A,n) = r1,1(N \ A,n) for all suﬃciently large n.
We now consider the following problem.
Problem 1. Find all t-tuples (k1, . . . ,kt) of positive integers for which there exists a set A ⊆ N such
that rk1,...,kt (A,n) = rk1,...,kt (N \ A,n) for all n n0.
In this paper, we solve this problem for t = 2 completely.
Theorem 1. If k1 and k2 are two integers with k2 > k1  2 and (k1,k2) = 1, then there does not exist any set
A ⊆N such that
rk1,k2(A,n) = rk1,k2(N \ A,n) (1)
for all suﬃciently large integers n.
Theorem 2. If k is an integer with k > 1, then there exists a set A ⊆N such that
r1,k(A,n) = r1,k(N \ A,n) (2)
for all integers n 1.
Furthermore, if 0 ∈ A, then (2) holds for all integers n 1 if and only if
A = {0}
⋃( ∞⋃
i=0
[
(k + 1)k2i, (k + 1)k2i+1 − 1]
)
,
where [x, y] = {n: n ∈ Z, x n y}.
From Theorems 1 and 2, and the arguments just before Problem 1, we immediately have the
following corollary.
Corollary 1. Let k1 and k2 be two integers with k2  k1  1. Then a necessary and suﬃcient condition that
there exists a set A ⊆N such that (1) holds for all suﬃciently large integers n is k1 | k2 and k2 > k1 .
The well known Erdo˝s–Turán conjecture says that if r1,1(A,n)  1 for all integers n  1, then
r1,1(A,n) is unbounded. It is interesting that, for any integer k > 1, Moser [11] found a set A ⊆ N
such that r1,k(A,n) = 1 for all n 0. Sárközy and Sós [14] posed the following problem:
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large enough.
Cilleruelo and Rué [5] proved that, for k2 > k1  2, the representation function rk1,k2 (A,n) cannot
be constant for n large enough. Recently, Li and Ma [10], and Rué [12] studied Problem 2 for t > 2
and proved that for many t-tuples (k1, . . . ,kt), the function rk1,...,kt (A,n) cannot be constant for n
large enough. These results are consistent with Theorems 1 and 2 in a sense. Currently we have no
results for Problem 1 with t  3. Motivated by Chen and Tang [3], and Chen [1], we pose the following
problem.
Problem 3. Let k be an integer with k > 1 and A ⊆N such that (2) holds for all n n0. Is it true that
r1,k(A,n) 1 for all suﬃciently large integers n? Is it true that r1,k(A,n) → ∞ as n → ∞?
For two integers k > 1 and t  1, deﬁne fk(t) to be the number of sets A ⊆N such that (2) holds
for all integers n t . By Theorem 2, we have fk(1) = 2. For the function fk(t), we have the following
result.
Theorem 3. Let k be an integer with k > 1. Then, for each integer t  1, fk(t) is ﬁnite and
lim
t→∞
log fk(t)
t
= log2.
Currently we have no further research on fk(t). We pose a problem for further research.
Problem 4. Is it true that for any integers k, l > 1 there exists t0 = t0(k, l) such that fk(t) = fl(t) for
all integers t  t0?
In Section 2, we begin with some technical lemmas. In Section 3, we prove Theorems 1 and 2. In
Section 4, we prove Theorem 3.
2. Technical lemmas
In this section, let A be a subset of N, and let k1 and k2 be two positive integers with
gcd(k1,k2) = 1. Let χ(a) = 1 for a ∈ A, otherwise, χ(a) = 0. Since (k1,k2) = 1, there exist two in-
tegers u and v such that uk1 + vk2 = 1. Thus n = unk1 + vnk2. Hence, all integral solutions of the
Diophantine equation n = k1x+ k2 y are given by
x= un− k2i, y = vn+ k1i, i ∈ Z.
In the following, i is an integer (possibly negative), a1 and a2 are integers (not necessary in A). For a
real number x, deﬁne {x} to be the fractional part of x and x	 to be the integer part of x.
We now give several technical lemmas.
Lemma 1. Let k1 , k2 , u, and v be four integers with k1 > 0, k2 > 0, and uk1 + vk2 = 1, and let g(n) be any
function deﬁned on Z. Then, for n k1k2 , we have
∑
a10,a20
k1a1+k2a2=n
g(a1) −
∑
a10,a20
k1a1+k2a2=n−k1k2
g(a1) = g
(
n
k1
− k2
{
vn
k1
})
.
Proof. For n k1k2, we have
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a10,a20
k1a1+k2a2=n
g(a1) −
∑
a10,a20
k1a1+k2a2=n−k1k2
g(a1)
=
∑
a10,a20
k1a1+k2a2=n
g(a1) −
∑
a10,a20
k1a1+k2(a2+k1)=n
g(a1)
=
∑
a10,a20
k1a1+k2a2=n
g(a1) −
∑
a10,a2k1
k1a1+k2a2=n
g(a1)
=
∑
a10,0a2<k1
k1a1+k2a2=n
g(a1)
=
∑
0vn+k1i<k1
g(un− k2i)
= g
(
un + k2
⌊
vn
k1
⌋)
= g
(
un + k2vn
k1
− k2
{
vn
k1
})
= g
(
n
k1
− k2
{
vn
k1
})
. 
Lemma 2. The equality (1) holds for all n n0 if and only if the following two conditions hold:
(a) for all n0  n < n0 + k1k2 ,
∑
a10,a20
k1a1+k2a2=n
1=
∑
a10,a20
k1a1+k2a2=n
χ(a1) +
∑
a10,a20
k1a1+k2a2=n
χ(a2); (3)
(b) for all n n0 + k1k2 ,
χ
(
n
k1
− k2
{
vn
k1
})
+χ
(
n
k2
− k1
{
un
k2
})
= 1.
Proof. Since
rk1,k2(N \ A,n)
=
∑
a10,a20
k1a1+k2a2=n
(
1− χ(a1)
)(
1− χ(a2)
)
=
∑
a10,a20
k1a1+k2a2=n
1−
∑
a10,a20
k1a1+k2a2=n
(
χ(a1) + χ(a2)
)+ ∑
a10,a20
k1a1+k2a2=n
χ(a1)χ(a2)
=
∑
a10,a20
k a +k a =n
1−
∑
a10,a20
k a +k a =n
χ(a1) −
∑
a10,a20
k a +k a =n
χ(a2) + rk1,k2(A,n),
1 1 2 2 1 1 2 2 1 1 2 2
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∑
a10,a20
k1a1+k2a2=n
χ(a1) −
∑
a10,a20
k1a1+k2a2=n−k1k2
χ(a1)
+
∑
a10,a20
k1a1+k2a2=n
χ(a2) −
∑
a10,a20
k1a1+k2a2=n−k1k2
χ(a2)
=
∑
a10,a20
k1a1+k2a2=n
1−
∑
a10,a20
k1a1+k2a2=n−k1k2
1
for all n n0 + k1k2. Now Lemma 2 follows from Lemma 1. 
Corollary 2. The equality (2) holds for all n n0 if and only if the following two conditions hold:
(a) for all n0  n < k + n0 ,
∑
a10,a20
a1+ka2=n
1=
∑
a10,a20
a1+ka2=n
χ(a1) +
∑
a10,a20
a1+ka2=n
χ(a2); (4)
(b) for all n k + n0 ,
χ(n) +χ
(⌊
n
k
⌋)
= 1. (5)
Corollary 2 follows from Lemma 2 (k1 = 1,k2 = k,u = 1, v = 0).
Lemma 3. Suppose that the equality (1) holds for all integers n n0 . Then, for any given integers m, s1 and s2
with 0 si < ki (i = 1,2) and mk1k2  n0 + k1k2 , we have
mk1 + s1 ∈ A ⇔ mk2 + s2 /∈ A.
Proof. By Lemma 2, for n n0 + k1k2, we have
n
k1
− k2
{
vn
k1
}
∈ A ⇔ n
k2
− k1
{
un
k2
}
/∈ A.
Let n =mk1k2 + k2s (0 s < k1). Then
mk2 + k2s
k1
− k2
{
vk2s
k1
}
/∈ A ⇔ mk1 + s ∈ A.
Since
k2s
k1
− k2
{
vk2s
k1
}
= k2s
k1
− k2
{
(1− uk1)s
k1
}
= 0,
it follows that
mk2 /∈ A ⇔ mk1 + s ∈ A.
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mk1 ∈ A ⇔ mk2 + s /∈ A.
Therefore
mk1 + s1 ∈ A ⇔ mk2 /∈ A ⇔ mk1 ∈ A ⇔ mk2 + s2 /∈ A. 
3. Proofs of Theorems 1 and 2
Proof of Theorem 1. Since k2 > k1  2, we may take an integer t > 1 such that kt1 > k2. Suppose
that (1) holds for all n  n0. Then both A and N \ A are inﬁnite sets. So there exists an integer
n > (k1k2(n0 + 1))t+1 such that n ∈ A and n + 1 /∈ A. Let α, β , and h be nonnegative integers with
k1  h, k2  h, and
n+ 1= kα1 kβ2h.
Suppose that β  1. Since
(
k1k2(n0 + 1)
)t+1
< n < kα1 k
β
2h < k
t(α+β)
1 h,
we have either kα+β1 > k1k2(n0 + 1) or h > k1k2(n0 + 1). For any 0 i  β we have
kα+i1 k
β−i
2 h k
α+β
1 h > k1k2(n0 + 1).
Let m1 = kα1 kβ−12 h and m2 =m1−1. Then m1k1k2 >m2k1k2 m1k2 > k1k2(n0+1). By m1k2 = kα1 kβ2h =
n+ 1 /∈ A and Lemma 3 we have kα+11 kβ−12 h =m1k1 ∈ A. Observing that m2k2 + k2 − 1= kα1 kβ2h − 1=
n ∈ A and Lemma 3 we have m2k1 + k1 − 1 /∈ A. That is, kα+11 kβ−12 h − 1 /∈ A. Thus, from
kα1 k
β
2h /∈ A and kα1 kβ2h − 1 ∈ A
we derive that
kα+11 k
β−1
2 h ∈ A and kα+11 kβ−12 h − 1 /∈ A.
Continue this procedure, we have either
kα+β1 h ∈ A and kα+β1 h − 1 /∈ A
or
kα+β1 h /∈ A and kα+β1 h − 1 ∈ A.
This is also true for β = 0. Let kα+β1 h = k2m + s with 0  s < k2. Since k2  h and (k1,k2) = 1,
we have 1  s < k2. By kα+β1 h > k1k2(n0 + 1) we have m  k1(n0 + 1). So mk1k2  n0 + k1k2. If
k2m + s = kα+β1 h ∈ A, then by Lemma 3 we have mk1 /∈ A. Again, by Lemma 3 we have kα+β1 h − 1 =
mk2 + s − 1 ∈ A, a contradiction. Similarly, if kα+β1 h /∈ A, then kα+β1 h − 1 /∈ A, a contradiction. 
Proof of Theorem 2. Assume that 0 ∈ A and (2) holds for all integers n  1. We will use Corollary 2
for n0 = 1. If 1  n < k and a1 + ka2 = n with a1  0 and a2  0, then a1 = n and a2 = 0. So, for
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the case n = k, (4) is equivalent to 2= χ(k)+χ(0)+χ(0)+χ(1). Since χ(0) = 1 and χ(1) = 0, (4) is
equivalent to k /∈ A. Thus
A ∩ {1, . . . ,k} = ∅. (6)
It is easy to see that (5) is equivalent to
km+ s ∈ A ⇔ m /∈ A for km + s k + 1 and 0 s < k. (7)
By (6) and (7) we have [k · 1+ 1,k · k + k − 1] ⊆ A, that is, [k + 1, (k + 1)k − 1] ⊆ A. Again, by (7) we
have [k(k+ 1)+ 0,k((k+ 1)k− 1)+k− 1] ∩ A = ∅, that is, [(k+ 1)k, (k+ 1)k2 − 1] ∩ A = ∅. Continuing
this procedure, we have
[
(k + 1)k2i, (k + 1)k2i+1 − 1]⊆ A
and
[
(k + 1)k2i+1, (k + 1)k2i+2 − 1]∩ A = ∅.
Hence
A = {0}
⋃( ∞⋃
i=0
[
(k + 1)k2i, (k + 1)k2i+1 − 1]
)
.
Conversely, for this A, (6) and (7) hold. Thus (4) and (5) hold. By Corollary 2, we have that (2) holds
for all integers n 1. 
4. Proof of Theorem 3
We write f (t) for fk(t). For S ⊆N, let S(x) denote the number of s ∈ S with s x. It is clear that
(4) is equivalent to
⌊
n
k
⌋
+ 1 = ∣∣A ∩ {n− ki: 0 n− ki  n}∣∣+ A(n
k
)
(8)
for n0  n < n0 + k. Since the integers involving in (8) are less than n0 + k, by (5) and (8), the subset
A of N such that (2) holds for all integers n  n0 is determined by A ∩ [0,n0 + k − 1]. Thus, f (t) is
ﬁnite. It is easy to see that f (t) is an increasing function.
For a large integer t , let u be an integer with 2k2u  t < 2k2(u + 1). Then f (2k2u)  f (t) 
f (2k2(u + 1)).
Now we estimate f (2k2r) for all suﬃciently large integers r. Let B = A ∩ [0,2k2r + k − 1].
By the above arguments, f (2k2r) is the number of sets B ⊆ [0,2k2r + k − 1] such that, for all
2k2r  n < 2k2r + k,
⌊
n
k
⌋
+ 1= ∣∣B ∩ {n− ki: 0 n− ki  n}∣∣+ B(n
k
)
. (9)
Write n = 2k2r + s. We see that (9) is equivalent to
2kr + 1= ∣∣B ∩ {2k2r + s − ki: i = 0, . . . ,2kr}∣∣+ B(2kr)
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2kr + 1 = ∣∣B ∩ {kj + s: j = 0, . . . ,2kr}∣∣+ B(2kr)
for 0 s < k. It is clear that f (2k2r) does not exceed the number of subsets B ⊆ [0,2k2r + k − 1]. So
f
(
2k2r
)
 22k2r+k k 22k2(r−1).
Hence
f (t) f
(
2k2(u + 1))k 22k2u k 2t . (10)
Now we estimate the lower bound of f (2k2r).
We consider those sets B ⊆ [0,2k2r + k− 1] \ [2kr,2kr + k− 1] by taking r numbers from each set
{ik+ s: i = 0, . . . ,2r−1} (0 s < k) and (k−1)r+1 numbers from each set {ik+ s: i = 2r+1, . . . ,2kr}
(0 s < k). That is, ∣∣B ∩ {ik + s: i = 0, . . . ,2r − 1}∣∣= r
and ∣∣B ∩ {ik + s: i = 2r + 1, . . . ,2kr}∣∣= (k − 1)r + 1
for 0 s < k. Noting that [2kr,2kr + k − 1] ∩ B = ∅, we have
B(2kr) =
k−1∑
s=0
∣∣B ∩ {ik + s: i = 0, . . . ,2r − 1}∣∣= rk
and ∣∣B ∩ {ik + s: i = 0, . . . ,2kr}∣∣= kr + 1
for 0 s < k. Thus
2kr + 1 = ∣∣B ∩ {ki + s: i = 0, . . . ,2kr}∣∣+ B(2kr)
for 0 s < k. Therefore, f (2k2r) is not less than the number of these sets B , i.e.,
f
(
2k2r
)

((
2r
r
)(
2kr − 2r
(k − 1)r + 1
))k
.
By the well known Stirling’s formula, we have
(
2r
r
)
∼ 2
2r
√
πr
and
(
2kr − 2r
(k − 1)r + 1
)
∼ 2
2r(k−1)
√
π · (k − 1)r .
Hence
f
(
2k2r
) (22r√ · 22r(k−1)√ )k k 1
rk
22k
2(r+1).r (k − 1)r
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f (t) f
(
2k2u
)k 1
uk
22k
2(u+1) k 1
tk
2t . (11)
By (10) and (11) we have
t log2− k log t + O (1) log f (t) t log2+ O (1).
So
lim
t→∞
log f (t)
t
= log2.
This completes the proof of Theorem 3.
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